Abstract. Some degree formulas associated with any morphism of projective algebraic varieties of the same dimension are proved. As an application certain conditions of non-compressibility of algebraic varieties are found. The basic tool is the action of the Steenrod algebra on the Chow groups of algebraic varieties modulo a prime integer.
Introduction
In the present paper we prove certain degree formulas associated with any morphism of projective algebraic varieties of the same dimension (Theorem 6.4) and derive some applications. The most general degree formula, which holds in the algebraic cobordism group of a variety, was proved by M. Levine and F. Morel in [9, Th. 13.7] . Our approach is elementary: we use Chow groups instead of cobordism groups and don't assume resolution of singularities.
In the first part of the paper we recall Steenrod operations on Chow groups as defined by P. Brosnan in [1] . We introduce certain characteristic classes c R and prove formulas involving Steenrod operations and values of the c R on the tangent vector bundle of a variety.
The degree formulas are proved in Section 6 and some applications are considered in Section 7. In particular, we find conditions of non-compressibility of algebraic varieties.
By a variety over a field F we mean a quasi-projective integral scheme over F . For a variety X over F and a field extension L/F we write X(L) for the set Mor F (Spec L, X) of L-valued points of X.
Recall that the degree deg(f ) of a rational morphism f : Y → X of varieties over F of the same dimension is either zero, if f is not dominant, or is equal to the degree of the field extension F (Y )/F (X) otherwise.
Chow groups and correspondences
2.1. Chow groups. Let X be a variety over a field F . We write CH d (X) for the Chow group of rational equivalence classes of dimension d algebraic cycles on the variety X [2, Ch. 1]. We let CH(X) be the graded Chow group ⨿ d≥0 CH d (X). 
2.2. Correspondences. Let X and Y be varieties over a field
given by a prime (irreducible) cycle. Any correspondence is a linear combination with integer coefficients of prime correspondences.
Let α : X Y be a prime correspondence. Suppose that α is given by a closed subvariety Z ⊂ X × Y . We define multiplicity of α as the degree of the projection Z → X. We extend the notion of multiplicity to arbitrary correspondences by linearity.
A rational morphism X → Y defines a multiplicity 1 prime correspondence X Y given by the closure of its graph. One can think of a correspondence of multiplicity m as a "generically m-valued morphism".
The Steenrod algebra
We fix a prime integer p in this section. 2 . . . , where R ranges over all sequences (r 1 , r 2 , . . . ) of non-negative integers such that almost all of the r i 's are zero, form a basis of (Z/pZ)
can be identified with the set of sequences (a 1 , a 2 , . . . ) of the elements of A and, therefore, with the set of power series of the form
The composition law (f 1 * f 2 )(t) = f 2 (f 1 (t)) makes G a group scheme over Z/pZ and (Z/pZ)[b] a Hopf Z/pZ-algebra. 
is given by the formula
Since µ is a homomorphism of graded rings, it extends to the homomorphism of power series rings
which will be still denoted by µ. Let Λ be an Z/pZ-algebra. We will keep the notation µ for the extended ring homomorphism
Thus, µ acts identically on the coefficient ring Λ and acts on the variables b k by formula (1 
By definition of the coproduct,
3.2. Reduced Steenrod algebra. We write S for the Hopf Z/pZ-algebra dual to (Z/pZ) [b] . Thus, S is the graded Hopf algebra such that the dcomponent of S is the Z/pZ-space dual to the d-component of (Z/pZ) [b] . The algebra S is the reduced Steenrod Z/pZ-algebra, i.e., the Steenrod Z/pZalgebra modulo the ideal generated by the Bockstein element [12, Th. 18 .23].
Let {S R } be the basis of S dual to the basis {b
We write S i for the basis element S R with R = (i, 0, . . . ). The element S 0 is the identity of S and the algebra S is generated by the S i , i ≥ 1 [12, Ch. 18 ]. Let M be a Z/pZ-space. Suppose for every sequence R we are given an endomorphism U R ∈ End(M ). Set
The following statement readily follows from definitions.
Proposition 3.1. The following two conditions are equivalent:
] be the generic power series. For an Z/pZ-algebra Λ consider the operators U R on the polynomial ring Λ[t] defined by the rule
, where U is the total operation as in (4). Since
by Proposition 3.1, we get an S-module structure on
otherwise.
In particular,
It follows from (2) that
) .
Chern classes
Consider the polynomial ring 
Let p be a prime integer. For every sequence R = (r 1 , r 2 , . . . ) consider the "smallest" symmetric polynomial Q R in the variables X 1 , X 2 , . . . containing the monomial
and write Q R as a polynomial on the standard symmetric functions:
We set It follows from definition that for a line bundle L,
Consider the power series (the total class)
The constant term of the power series C is the identity, hence C is invertible. It follows from (7) that for every line bundle L,
By definition of the classes c R , for a vector bundle E, having a filtration by subbundles with line factors L 1 , L 2 , . . . , L n , we have
It follows from the splitting principle that the class C is multiplicative, that is for an exact sequence of vector bundles
we have
Therefore, for every smooth variety X, the total class C defines the homomorphism
In particular, we have a well defined class c R (a) ∈ CH(X) for every a ∈ K 0 (X) and a sequence R.
Steenrod operations on Chow groups
We fix a field F and a prime integer p ̸ = char F . Let X be a smooth variety over F . In [1, Def. 7.11], P. Brosnan has defined a structure of an S-module on the modulo p Chow group A(X). The operation S R lowers the dimension of a cycle by |R|. The total operation S satisfies the Cartan formula [1, Th.
for every α, β ∈ A(X) and takes the identity to itself, i. Let L be a line bundle over X. We have by (8),
where h is defined by equality (5). It was proved in [1, Prop. 8.4 ] that
Recall the action of S on the ring Z/pZ[t] considered in Example 3.2. It follows from (10) that every S i acts on t the same way as the S i acts onc 1 (L). Since the S i generate S, we have by (6),
Proof. By the splitting principle, we may assume that a is the class of a line bundle L over X. In this case the statement follows from (11) and (9) .
Fix an element a ∈ K 0 (X) and consider the new operations U R on A(X) defined by the rule U = C(a) · S, where U is the total operation. In particular,
Proof.
It follows from Proposition 3.1 that the operation U gives rise to a structure of a left S-module on A(X). (
1) For a projective morphism f : X → Y of varieties the diagram

A(X)
S R − −− → A(X) f *     f * A(Y ) S R
− −− → A(Y ) is commutative for every sequence R. (2) Let X be a smooth variety. Then S R ([X]) =c R (−T X ) for every se-
quence R.
Degree formulas
Let X be a variety over F . For a closed point x ∈ X we define its degree as the integer deg(x) = [F (x) : F ] and set
where the gcd is taken over all closed points of X. Clearly, 
If q is an anisotropic form, then it is isotropic over a quadratic extension of F and for every odd degree extension L/F , the form q L is anisotropic by Springer's theorem, therefore, n X = 2.
Fix a prime integer p ̸ = char F . Let X be a projective variety of dimension d > 0 and let q : X → Spec F be the structure morphism. For every sequence R
is trivial. Hence the degree of a cycle u X R ∈ CH 0 (X) representing the element S R ([X]) ∈ A 0 (X) is divisible by p. The class of the integer deg(u X R )/p modulo n X is independent on the choice of u X R ; we denote it by R p (X) ∈ Z/n X Z. 
In particular, if X and Y are smooth, then
Proof. It follows from the commutativity of the diagram in Proposition 5.3(1) and the equality f
and therefore,
Applying the degree homomorphism, we get
, whence the result. ) and therefore, n L divides n X . Thus, if X is smooth and projective, then n X = n L , i.e., the number n X is a birational invariant of a smooth projective variety over F .
Applications
We fix a prime integer p and a field F such that char F ̸ = p. Let R be a nonzero sequence and let X be a projective variety over F of dimension |R|.
The following statement follows readily from the definition.
Proposition 7.1. A projective variety X of dimension |R| is R p -rigid if and only if
The following theorem is the main result of the section. 
Theorem 7.2. Let X and Y be projective varieties over F and let
where h = c 1 (L) is the class of a hyperplane in P. i . Denote by X the product of (finitely many) Severi-Brauer varieties SB(A ij ). Over an algebraic closure of F the variety X is isomorphic to the product of projective spaces
A straightforward computation (similar to one in 7.2) shows that
Write A for the tensor product of all the algebras A ij and set Y = SB(A). Suppose A is a division algebra. By example 6.1,
The variety X is identified canonically with a closed subvariety of Y , therefore, n Y divides n X . It follows from Proposition 7.1 that X is R p -rigid. Thus, for every R and p there are examples of R p -rigid varieties.
7.3. Hypersurfaces. Let X be a smooth hypersurface of prime degree p ̸ = char F in the projective space P = P d+1 over a field F . Let i : X → P be the closed embedding. The normal bundle of X in P is isomorphic to i * L ⊗p , where L is the canonical line bundle over P. Hence, there is an exact sequence of vector bundles over X:
By additivity of the class c (d) , we have
where h is the class of a hyperplane section of X.
. If in addition, n X is divisible by p, we have R p (X) ̸ = 0 and therefore, the hypersurface X is R p -rigid and not p-compressible. In the case p = 2, X is a smooth quadric. If X is anisotropic, then n X = 2 by Example 6.2. Therefore, X is R 2 -rigid and not 2-compressible.
Remark 7.9. Let X be an anisotropic quadric of dimension d corresponding to a Pfister neighbor. Choose an integer n such that 2
n − 1, the quadric X can be compressed into Y and therefore, X is not R 2 -rigid for every R. Proof. The index of A is a 2-power, hence by 7.2, X is a R 2 -rigid variety for a certain R. Let Y = I(A, σ) ⊂ X be the involution variety (see [13] ). The variety Y has an L-valued point over a field extension L/F is and only if A is split over L and σ is isotropic over L.
Since Y is a closed subvariety in X, the number n Y is divisible by n X = ind(A). If σ is isotropic over the field F (X), the variety Y has an F (X)-valued point and therefore, there is a rational morphism X → Y . By Theorem 7.2, dim(X) ≤ dim(Y ), a contradiction. 7.5. Quadrics. We give alternative proves of the following two propositions in algebraic theory of quadratic forms. The number 2 n − 1 in these statements appears in connection with the Pfister forms (of dimension 2 n ) used in the original proofs. In our approach this number is the degree of a certain Steenrod operation. 
